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Abstract
In this paper the spherical quasi-convexity of quadratic functions on spherically self-dual sets
is studied. Sufficient conditions for spherical quasi-convexity on self-dual sets are presented. A
partial characterization of spherical quasi-convexity on spherical Lorentz sets is given and some
examples are provided.
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1 Introduction
The aim of this paper is to study theoretical properties of spherical quasi-convexity of quadratic
functions on spherically self-dual convex sets. It is well known that quadratic functions play an im-
portant role in nonlinear programming theory. For instance, the minimization problem of quadratic
functions on the sphere occur as subproblems in methods of nonlinear programming (see, the back-
ground section of [17] for an extensive review of the literature on the subject). We are interested in
the problem min{〈Qx, x〉 : x ∈ C}, where C ⊆ Sn−1 := {x ∈ Rn : ‖x‖ = 1} and Q is in the sym-
metric matrix set. This problem is the quadratic constrained optimization problem on the sphere,
and it is also a minimum eigenvalue problem in C. It is essential to emphasize that there exists a
special case when C is the intersection of the Lorentz cone with the sphere. This special case is
of particular interest because the minimum eigenvalue of Q in C is nonnegative if and only if the
matrix Q is Lorentz copositive, see [8, 14]. In general, changing the Lorentz cone by an arbitrary
closed convex cone K would lead to a more general concept of K-copositivity, thus our study is
anticipated to initialise new perspectives for investigating the general copositivity of a symmetric
matrix. In general, exploiting the specific intrinsic geometric and algebraic structure of problems
posed on the sphere can significantly lower down the cost of finding solutions; see [1, 9, 10, 19–22].
We know that a strict local minimizer of a spherically quasi-convex quadratic function is also a strict
global minimizer, which makes interesting and natural to refer the problem about characterizing
the spherically quasi-convex quadratic functions on spherically convex sets.
The aim of this paper is to introduce both sufficient conditions and necessary conditions for
quadratic functions to be spherically quasi-convex on spherically self-dual convex sets. In particular,
several examples are presented. The present paper continues the study of [3], which can be regarded
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as premier study about the topic of quasi-convexity of quadratic functions on the Euclidean space.
The main literature about the quasi-convexity of quadratic functions on Euclidean convex sets
includes, but it is not limited to [2, 12,13,15,18].
The remaining part of this paper is structured as follows. Section 2 presents previous results
and notations that will be used throughout this paper. In Section 2.1 we recall the fundamental
properties of spherically quasi-convex functions on spherically convex sets, and in Section 2.1.1
particular versions of these conditions for quadratic spherically quasi-convex functions. Section 3
provides derivations of many useful properties of spherically quasi-convex functions on spherically
self-dual convex sets. In Section 3.1 we prove a condition partially characterizing the spherical
quasi-convexity of quadratic functions on spherically convex sets associated to the Lorentz cone.
Perspectives and open problems are presented in Section 4 and in Section 5 we conclude the paper.
2 Basics Results
In this section, we introduce some notations and present the previous results used throughout the
paper. Let Rn be the n-dimensional Euclidean space with the canonical inner product 〈·, ·〉 and
norm ‖·‖. Denote by Rm×n the set of all m×n matrices with real entries, Rn ≡ Rn×1, by ei the i-th
canonical unit vector in Rn, and by In the n×n identity matrix. A set K ⊆ Rn is called a cone if for
any α > 0 and x ∈ K we have αx ∈ K. A cone K ⊆ Rn is called a convex cone if for any x, y ∈ K,
we have x+ y ∈ K. The dual cone of a cone K ⊆ Rn is the cone K∗:={x ∈ Rn : 〈x, y〉≥0, ∀ y∈K}.
A cone K ⊆ Rn is called pointed if K ∩ (−K) ⊆ {0}. A pointed closed convex cone is called proper
cone if it has a nonempty interior. The cone K ⊆ Rn is called subdual if K ⊆ K∗ and self-dual if
K = K∗. The Lorentz cone is defined by
L :=
{
x = (x1, . . . , xn)
⊤ ∈ Rn : x1 ≥
√
(x2)2 + · · ·+ (xn)2
}
.
We recall that the Lorentz cone L and the nonnegative orthant Rn+ are self-dual cones. Let K be a
self-dual cone. For any x ∈ K, we define the nonnegative part of x, nonpositive part of x and the
absolute value of x with respect to K by
xK+ := PK(x), x
K
− := PK(−x), |x|K := xK+ + xK−,
respectively. We recall from Moreau’s decomposition theorem [16] (see also [11, Theorem 3.2.5]),
that for a self-dual cone K there hold:
x = xK+ − xK−,
〈
xK+, x
K
−
〉
= 0, x ∈ Rn. (1)
In this case, for any z ∈ R × Rn−1, let z := (z1, z2) ∈ R × Rn−1, where z2 := (z2, z3, . . . , zn)⊤ . An
explicit formula for the projection mapping PL onto the Lorentz cone L is given in [7, Proposition
3.3], which is recalled for the case when x /∈ L ∪ −L in the following lemma.
Lemma 1. Let x = (x1, x
2) ∈ {(y1, y2) ∈ R × Rn−1 : |y1| < ‖y2‖} and L be the Lorentz cone.
Then,
xL+ =
(
x1 + ‖x2‖
2‖x2‖
)
(‖x2‖, x2), xL− =
(−x1 + ‖x2‖
2‖x2‖
)
(‖x2‖,−x2)
and, as a consequence, the absolute value of x with respect to L is given by
|x|L = 1‖x2‖(‖x
2‖2, x1x2).
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For a general nonzero vector x = (x1, x
2) ∈ R×Rn−1 the absolute value of x with respect to L
is given in the next lemma, which follows immediately from Lemma 1 and equations (1).
Lemma 2. Consider a nonzero vector x = (x1, x
2) ∈ R × Rn−1 and let L be the Lorentz cone.
Then, the absolute value of x is given by
|x|L = 1‖x2‖
(
max
(|x1|, ‖x2‖) ‖x2‖,min(|x1|, ‖x2‖) sgn(x1)x2) .
Let K ⊆ Rn be a closed convex cone. We remind that A ∈ Rn×n is K-copositive if 〈Ax, x〉≥0 for
all x ∈ K and a Z-matrix is a matrix with nonpositive off-diagonal elements. LetK ⊆ Rn be a pointed
closed convex cone with nonempty interior, the K-Z-property of a matrix A ∈ Rn×n means that
〈Ax, y〉 ≤ 0, for any (x, y) ∈ C(K), where C(K) := {(x, y) ∈ Rn × Rn : x ∈ K, y ∈ K∗, 〈x, y〉 = 0}.
Throughout the paper the n-dimensional Euclidean sphere Sn−1 is denoted by
S
n−1 :=
{
x = (x1, . . . , xn)
⊤ ∈ Rn : ‖x‖ = 1
}
.
The intrinsic distance on the sphere between x, y ∈ Sn−1 is defined by d(x, y) := arccos〈x, y〉. It is
also easy to verify that d(x, y) ≤ pi for any x, y ∈ Sn−1, and d(x, y) = pi if and only if x = −y. The
intersection curve of a plane though the origin of Rn with the sphere Sn−1 is called a geodesic. A
geodesic segment joining x to y is said to be minimal if its length is equal to d(x, y). A set C ⊆ Sn−1
is said to be spherically convex if for any x, y ∈ C all the minimal geodesic segments joining x to y
are contained in C. For notational convenience, in the following text we assume that all spherically
convex sets are nonempty proper subsets of the sphere. For each closed set A ⊆ Sn−1, let KA ⊆ Rn
be the cone spanned by A, namely,
KA = {tx : x ∈ A, t ∈ [0,+∞)} .
Obviously, KA is the smallest cone containing A. In the following proposition, a relationship between
spherically convex sets and the cones spanned by them will be exhibited. The proof is shown in [4].
Proposition 1. The set C is spherically convex if and only if the cone KC is pointed convex.
2.1 Spherically quasi-convex functions on spherically convex sets
In this section we recall the concept of spherically quasi-convex functions on spherically convex sets
and we present a basic characterization of them; for more details see [3].
Definition 1. Let C ⊆ Sn−1 be a spherically convex set and I ⊆ R be an interval. A function
f : C → R is said to be spherically quasi-convex (respectively, strictly spherically quasi-convex)
if for any minimal geodesic segment γ : I → C, the composition f ◦ γ : I → R is quasi-convex
(respectively, strictly quasi-convex) in the usual sense, i.e., f(γ(t)) ≤ max{f(γ(t1)), f(γ(t2))} for
all t ∈ [t1, t2] ⊆ I, (respectively, f(γ(t)) < max{f(γ(t1)), f(γ(t2))} for all t ∈ [t1, t2] ⊆ I, t1 6= t2).
Remark 1. The above definition implies that, if f : Sn−1 → R is spherically quasi-convex, then f
is constant. However, as wee will show, there exist non-constant spherically quasi-convex functions
defined on proper convex sets of Sn−1.
To simplify the notations, the sub-level sets of a function f : Rn ⊇M→ R are denoted by
[f ≤ c] := {x ∈ M : f(x) ≤ c}, c ∈ R.
Proposition 2. Let C ⊆ Sn−1 be a spherically convex set. A function f : C → R is spherically
quasi-convex if and only if for all c ∈ R the sub-level sets [f ≤ c] are spherically convex.
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2.1.1 Spherically quasi-convex quadratic functions on spherically convex sets
In this section we recall earlier results of quadratic quasi-convex functions on general spherically
convex sets. Henceforward we assume that the cone K ⊆ Rn is proper and subdual, the set C =
S
n−1∩ int(K) is open and spherically convex, and A = AT ∈ Rn×n. Let qA : C → R be the quadratic
function defined by
qA(x) := 〈Ax, x〉. (2)
To proceed we need as well the restriction on intK of Rayleigh quotient ϕA : intK → R defined by
ϕA(x) :=
〈Ax, x〉
‖x‖2 . (3)
In the followings we state some properties of the functions qA and ϕA(x), for details see [3].
Proposition 3. The following statements are equivalent:
(a) qA is spherically quasi-convex;
(b) 〈Ax, y〉 ≤ 〈x, y〉max {qA(x), qA(y)}, for all x, y ∈ Sn−1 ∩K;
(c)
〈Ax, y〉
〈x, y〉 ≤ max {ϕA(x), ϕA(y)}, for all x, y ∈ K with 〈x, y〉 6= 0.
Corollary 1. Let K be self-dual. If qA is spherically quasi-convex, then A has the K-Z-property.
Theorem 1. The function qA is spherically quasi-convex if and only if ϕA is quasi-convex.
The next result uses the following notations: Let c ∈ R and define the cone
[ϕA ≤ c] := {x ∈ K : 〈Acx, x〉 ≤ 0}, Ac := A− cIn.
Corollary 2. The function qA is spherically quasi-convex if and only if [ϕA ≤ c] is convex, for any
c ∈ R.
3 Spherically Quasi-Convex Quadratic Functions on Spherically
Self-Dual Convex Sets
In this section we present a condition characterizing the spherical quasi-convexity of quadratic
functions on spherically self-dual convex sets associated to self-dual cones. The results obtained
generalize the corresponding ones obtained in [3, Section 4.1], in due course we will present a more
precise correspondence. Throughout this section we assume that K is self-dual, i.e., K∗ = K. A
closed set A ⊆ Sn−1 is called spherically self-dual convex set if the associated cone KA is self-dual.
It is clear that if A = AT ∈ Rn×n has only one eigenvalue, then qA is constant and, consequently, it
is spherically quasi-convex. Henceforth, throughout this section we assume that A has more than
one distinct eigenvalues. We remind that qA and ϕA are defined in (2) and (3), respectively. Two
technical lemmas, which are useful in the following text, will be presented. They are generalizations
of Lemmas 14 and 15 of [3], respectively.
Lemma 3. Let n ≥ 2, A = AT ∈ Rn×n and {v1, v2, . . . , vn} be an orthonormal set of eigenvectors
of A corresponding to the eigenvalues λ1 < λ2 ≤ . . . ≤ λn , respectively. If v1 ∈ K and the constant
c /∈ [λ2, λn), then the sublevel set [ϕA ≤ c] is a convex set.
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Proof. First of all, by using the spectral decomposition of A, we have A =
∑n
i=1 λiv
i(vi)⊤. Thus,
from the definition (3) we obtain
[ϕA ≤ c] =
{
x ∈ intK :
n∑
i=1
(λi − c)〈vi, x〉2 ≤ 0
}
. (4)
Our first task is to show that [ϕA ≤ c] is convex, for each c /∈ [λ2, λn). If c < λ1, then considering
that v1, v2, . . . , vn are linearly independent and 0 /∈ intK, we obtain from (4) that [ϕA ≤ c] = ∅
and hence it is convex. If c = λ1, then (4) implies that [ϕA ≤ c] = S ∩ intK, where S := {x ∈ Rn :
〈v2, x〉 = 0, . . . , 〈vn, x〉 = 0}. Thus, due to intK and S being convex, we conclude that [ϕA ≤ c] is
also convex. Now, we suppose that λ1 < c ≤ λ2. Since K∗ = K, v1 ∈ K and x ∈ intK, we obtain
that 〈v1, x〉 > 0 and from (4) we have [ϕA ≤ c] = Lθ ∩ intK, where Lθ is the convex elliptic cone
defined by
Lθ :=
{
x ∈ Rn : 〈v1, x〉 ≥
√
θ2〈v2, x〉2 + · · · + θn〈vn, x〉2
}
, θi =
λi − c
c− λ1 , i = 2, . . . , n.
Due to the convexity of the cones Lθ and intK, we obtain that [ϕA ≤ c] is convex. Finally, if c ≥ λn,
then [ϕA ≤ c] = intK is convex and the proof is complete.
Lemma 4. Let c ∈ R and λ be an eigenvalue of A ∈ Rn×n such that λ ≤ c. If λIn − A is
K-copositive, then [ϕA ≤ c] = intK. As a consequence, the set [ϕA ≤ c] is convex.
Proof. Since λ ≤ c, we have 〈Ax, x〉−c‖x‖2 ≤ 〈Ax, x〉−λ‖x‖2 = 〈(A−λIn)x, x〉. Thus, considering
that λIn −A is K-copositive, we conclude that 〈Ax, x〉 − c‖x‖2 ≤ 0, for all x ∈ intK, which implies
[ϕA ≤ c] = {x ∈ intK : 〈Ax, x〉 − c‖x‖2 ≤ 0} = intK.
In the next result we use Lemmas 3 and 4 for exhibiting a sufficient condition for the spherical
quasi-convexity of qA which is a generalization of “(iii) ⇒ (i)” of [3, Theorem 16].
Corollary 3. Let n ≥ 2, A = AT ∈ Rn×n, λ1 ≤ λ2 ≤ ... ≤ λn be the eigenvalues of A and v1 be an
eigenvector of A corresponding to λ1. If λ2In−A is K-copositive and v1 ∈ K, then qA is spherically
quasiconvex.
Proof. First assume that c ≤ λ2. In this case, by using Lemma 3, it can be concluded that [ϕA ≤ c]
is a convex set. Assuming that c ≥ λ2, Lemma 4 implies that [ϕA ≤ c] = intK is a convex set.
Therefore, for all c ∈ R [ϕA ≤ c] is convex. Henceforth, it follows from Theorem 1 that qA is a
spherically quasi-convex function.
In the following two theorems we present classes of quadratic quasi-convex functions defined in
spherically self-dual convex sets, which include as particular instances [3, Examples 18 and 19].
Theorem 2. Let n ≥ 3, A = AT ∈ Rn×n and {v1, v2, . . . , vn} be an orthonormal set of eigenvectors
of A corresponding to the eigenvalues λ1, λ2, . . . , λn , respectively. Assume that λ := λ1, µ := λ2 =
. . . = λn−1, ν := λn and
v1 −
√
ν − µ
µ− λ |v
n|K ∈ K, λ < µ < ν. (5)
Then, the quadratic function qA is spherically quasi-convex.
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Proof. By using the spectral decomposition of A, we have
A = λv1(v1)⊤ +
n−1∑
j=2
µvj(vj)⊤ + νvn(vn)⊤. (6)
Hence, for all x ∈ K, by using ‖x‖2 =∑ni=1〈vi, x〉2 and (6), after some calculations we obtain
〈Ax, x〉 − µ‖x‖2 = (µ− λ)
[
ν − µ
µ− λ〈v
n, x〉2 − 〈v1, x〉2
]
. (7)
Since |vn|K ∈ K, by using (5), K∗ = K and x ∈ K, we have
ν − µ
µ− λ〈v
n, x〉2 − 〈v1, x〉2 ≤ ν − µ
µ− λ
[〈vn + |vn|K, x〉〈vn − |vn|K, x〉] . (8)
By using that |vn|K = PK(vn) + PK(−vn), vn = PK(vn)− PK(−vn), K∗ = K and x ∈ K, we obtain
〈vn + |vn|K, x〉〈vn − |vn|K, x〉 = −4〈PK(vn), x〉〈PK(−vn), x〉 ≤ 0. (9)
Thus, the combination of (7) with (8) and (9), implies that µIn −A is K-copositive. Hence, due to
v1 ∈ K we can apply Corollary 3 with λ2 = µ to conclude that qA is spherically quasi-convex.
In the following example we present two self-dual cones satisfying the assumptions of Theorem 2.
Example 1. Letting K = Rn+ and λ < (λ+ ν)/2 < µ < ν, the unit vectors v1 = (e1+ en)/
√
2, v2 =
e2, . . . , vn−1 = en−1, vn = (e1−en)/√2 are pairwise orthogonal and satisfy the condition (5). Now,
taking K = L and denoting vn = ((vn)1, (vn)2), by using Lemma 2, (5) can be written as
v1 −
√
ν − µ
µ− λ
1
‖(vn)2‖
(
max
(|(vn)1|, ‖(vn)2‖) ‖(vn)2‖,min (|(vn)1|, ‖(vn)2‖) sgn((vn)1)(vn)2) ∈ K, (10)
and λ < µ < ν. The vectors v1 = (e1 + en)/
√
2, v2 = e2, . . . , vn−1 = en−1, vn = (−e1 + en)/√2
are pairwise orthogonal and satisfy condition (10).
Theorem 3. Let n ≥ 3, A = AT ∈ Rn×n and {v1, v2, . . . , vn} be an orthonormal set of eigenvectors
ofA corresponding to the eigenvalues λ1, λ2, . . . , λn, respectively. Let α := min{〈v1, y〉 : y ∈ Sn∩K}.
Assume that
v1 ∈ intK, λ1 < λ2 ≤ · · · ≤ λn ≤ λ2 + α2(λ2 − λ1). (11)
Then, the quadratic function qA is spherically quasi-convex.
Proof. First note that the spectral decomposition of A implies
A =
n∑
i=1
λiv
i(vi)⊤. (12)
Thus, for all x ∈ K, by using (12) and considering that ‖x‖2 =∑ni=1〈vi, x〉2, we conclude that
〈Ax, x〉 − λ2‖x‖2 =
n∑
i=1
(λi − λ2)〈vi, x〉2. (13)
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The inequalities in (11), imply λ2 − λ1 > 0 and 0 ≤ λj − λ2 ≤ λn − λ2, for all j = 3, . . . , n. Thus,
the equality (13) becomes
〈Ax, x〉 − λ2‖x‖2 ≤ (λ2 − λ1)
[
λn − λ2
λ2 − λ1
(〈v3, x〉2 + · · · + 〈vn, x〉2)− 〈v1, x〉2] . (14)
Considering that K∗ = K and v1 ∈ intK we have α = min{〈v1, y〉 : y ∈ Sn ∩ K} > 0. Hence
〈v1, x〉2 ≥ α2‖x‖2, ∀ x ∈ K. (15)
Thus, taking into account that ‖x‖2 = ∑ni=1〈vi, x〉2 ≥ 〈v3, x〉2 + · · · + 〈vn, x〉2, we conclude from
(14) and (15) that
〈Ax, x〉 − λ2‖x‖2 ≤ (λ2 − λ1)
[
λn − λ2
λ2 − λ1 − α
2
]
‖x‖2, ∀ x ∈ K. (16)
Since the last inequality in (11) is equivalent to (λn − λ2)/(λ2 − λ1) − α2 ≤ 0, (16) implies that
〈Ax, x〉 − λ2‖x‖2 ≤ 0, for all x ∈ K. Hence, we conclude that λ2In −A is K-copositive. Therefore,
since v1 ∈ intK and it is an eigenvector of A corresponding to the eigenvalue λ1, by applying
Corollary 3, we can conclude that the function qA is spherically quasi-convex.
In the following we present an example satisfying the assumptions of Theorem 3.
Example 2. Let L be the Lorentz cone, vi = ei, for all i ∈ {1, . . . , n}, and λ1 < λ2 ≤ . . . ≤ λn <
λ2 + (1/2)(λ2 − λ1) satisfy condition (11). Note that in this case α = 1/
√
2.
Theorem 4. Let n ≥ 3 and A = AT ∈ Rn×n. Suppose that A has only two distinct eigenvalues,
and the smaller one has multiplicity one. If there exists an eigenvector of A corresponding to the
smaller eigenvalue belonging to K, then qA is spherically quasi-convex.
Proof. Let {v1, v2, . . . , vn} be an orthonormal set of eigenvectors of A corresponding to the eigen-
values λ1, λ2, . . . , λn , respectively. Without loss of generality, we assume that λ1 =: λ < µ := λ2 =
· · · = λn and v1 ∈ K. Thus, using the spectral decomposition of A, we have
A = λv1(v1)⊤ +
n∑
j=2
µvj(vj)⊤. (17)
Since ‖x‖2 =∑ni=1〈vi, x〉2, for all x ∈ Rn, by using (17) and λ < µ, we obtain that
µ‖x‖2 − 〈Ax, x〉 = (µ− λ)〈v1, x〉2 ≥ 0, ∀x ∈ Rn. (18)
In particular, (18) implies that µIn−A is K-copositive. Thus, since v1 ∈ K, by applying Corollary 3
with λ2 = µ we can conclude that the function qA is spherically quasi-convex.
In the next example we show how to generate matrices satisfying the assumptions of Theorem 4
and consequently generate spherically quasi-convex functions on spherically self-dual convex sets.
Example 3. The Householder matrix associated to v ∈ intK is defined by H := In − 2vvT /‖v‖2.
We know that H is a symmetric and nonsingular matrix. Furthermore, Hv = −v and Hu = u for all
u ∈ S, where S := {u ∈ Rn : 〈v, u〉 = 0}. It is easy to verify that the dimension of S is n− 1, then
we have that 1 and −1 are eigenvalues of H with multiplicities n− 1 and 1, respectively. Moreover,
considering that v ∈ intK, Theorem 4 implies that qH(x) = 〈Hx, x〉 is spherically quasi-convex.
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3.1 Spherically Quasi-Convex Quadratic Functions on the Spherical Lorentz
Convex Set
In this section we present a condition partially characterizing the spherical quasi-convexity of
quadratic functions on spherically convex sets associated to the Lorentz cone. The next result
is a version of [3, Theorem 20] for this cone.
Theorem 5. Let n ≥ 3 and A = AT ∈ Rn×n . Assume that A has only two distinct eigenvalues
and the smaller one has multiplicity one. Then, qA is a spherically quasi-convex function if and
only if L contains an eigenvector of A corresponding to the smaller eigenvalue.
Proof. If there exists an eigenvector of A corresponding to the smaller eigenvalue belonging to
L, then Theorem 4 implies that qA is spherically quasi-convex. Conversely, assume that qA is
spherically quasi-convex. Let λ1, λ2, . . . , λn be the eigenvalues of A corresponding to an orthonormal
set of eigenvectors v1, v2, . . . , vn, respectively. Then, without loss of generality, we assume that
λ1 =: λ < µ := λ2 = · · · = λn. Thus, by using the spectral decomposition of A, we have
A = λv1(v1)⊤ +
n∑
j=2
µvj(vj)⊤. (19)
Without loss of generality, we also assume that v11 ≥ 0. Let x ∈ ∂L \ {0} and note that y =
2x1e
1−x ∈ ∂L\{0}. Since∑ni=1 vi(vi)⊤ = In (i.e., the spectral decomposition of In) and 〈x, y〉 = 0,
(19) implies that
〈Ax, y〉 =
〈[
µ
n∑
i=1
vi(vi)⊤ + (λ− µ)(v1)(v1)⊤
]
x, y
〉
= (λ− µ)〈v1, x〉〈v1, y〉. (20)
Due to 〈x, y〉 = 0 and L being a self-dual cone, we conclude from Corollary 1 that 〈Ax, y〉 ≤ 0.
Thus, considering that λ < µ and y = 2x1e
1 − x, (20) yields
0 ≤ 〈v1, x〉〈v1, y〉 = 〈v1, x〉[2v11x1 − 〈v1, x〉]. (21)
On the other hand, due to x ∈ L, we have x1 ≥ 0. Thus, since v11 ≥ 0, if 〈v1, x〉 < 0, then
〈v1, x〉[(2v11x1 − 〈v1, x〉] < 0, which contradicts (21). Hence 〈v1, x〉 ≥ 0, where x can be chosen
arbitrarily in ∂L \ {0}. Therefore, v1 ∈ L and the proof is complete.
4 Perspectives and Open Problems
First of all, we note that for all our classes of spherically quasi-convex quadratic functions qA on the
spherically self-dual convex set C = Sn−1 ∩ int(K), the matrix A has the smallest eigenvector with
multiplicity one and the associated eigenvector belongs to the self-dual convex cone K. We believe
that this condition is necessary and sufficient to characterize spherically quasi-convex quadratic
functions. We also remark that, in Theorem 5 we present a partial characterizations of spherically
quasi-convex quadratic functions on the spherical Lorentz convex set. However, the general question
remains open even for this specific set.
An even more challenging problem is to develop efficient algorithms for constrained quadratic op-
timization problems on spherically convex sets. Minimizing a quadratic function on the intersection
of the Lorentz cone with the sphere is a particularly relevant, related topic, since the nonnega-
tivity of the minimum value is equivalent to the Lorentz-copositivity of the corresponding matrix,
see [8, 14]. In general, replacing the Lorentz cone with an arbitrary closed convex cone K leads to
the more general concept of K-copositivity. By considering the intrinsic geometrical properties of
the sphere, interesting perspectives for detecting the general copositivity of matrices emerge.
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5 Conclusions
In [3–6] we studied some intrinsic properties of the spherically convex sets and functions. In the
present paper we showed further developments of this topic. As far as we know this is the pioneer
study of spherically quasi-convex quadratic functions on spherically self-dual convex sets. As stated
in Section 4, there are still interesting questions to be answered in this topic, we foresee further
progress on these direction in the near future.
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